We have analyzed numerical data on the discrete Gaussian model for disordered substrate crystalline surfaces. By studying the four-points correlation function we have found evidence for the non-Gaussian behavior in the low-T region persisting on large length scales, in agreement with the glassy phase being super-rough.
Introduction
The disordered discrete Gaussian model (ddg) is related to the 2D random phase sineGordon model (rpsg), the two models belonging to the same universality class which describes different physical systems, crystalline surfaces growing upon a disordered substrate [1] as well as 2D randomly pinned arrays of flux lines with the magnetic field parallel to the superconducting plane [2] . The main features of the glassy phase which are found within the renormalization group approach [1] - [4] disagree with the ones obtained by the Gaussian variational approximation [5] , the most evident difference being in the expected behavior of the height-height correlation function. To a large extend the considerable number of works on to the subject (see, for instance, [6] - [18] ) have been devoted to the study of this quantity whose numerically observed behavior has been finally [17, 18] found to be in agreement with the renormalization group picture.
Recently, by studying the ground state of the (ddg), has been found further evidence that also at T = 0 the system is super-rough [20] - [22] .
In this letter we focus on the non-Gaussian behavior of ddg in the glassy phase finding that it persists on large length scale, which is definitely not explainable within the variational theory. Our numerical data are well compatible with the behavior of the four-points correlation function obtained by slightly extending some previous renormalization group results [11] .
Labeling with {d i } the integer valued dynamical variables and by {η i } the quenched disorder, the Hamiltonian of ddg is
where the sum runs over first neighbors in a bidimensional lattice. The model is related to the limit of coupling constant λ → ∞ of rpsg
where now φ i are the continuous dynamical variables. A relevant observable in these theories is the correlation function defined by
In the high-T phase thermal fluctuations make the quenched disorder irrelevant. Both the renormalization group and the variational theory predict a Gaussian behavior with a logarithmic growth of the height-height correlation function
the expected critical temperature being T c = k/π. The renormalization group approach finds a super-rough glassy phase characterized by
a being a non-universal coefficient.
On the other hand, the Gaussian Ansatz of the variational approximation gives no log 2 r contribution, the glassy phase being described by a one-step replica symmetry broken solution with
The slope of the logarithmic term freezes at the critical point T = T c . Recalling briefly the main numerical results on the static we are aware of, the authors of [13] studied rpsg without being able to detect any signature of the transition when measuring static quantities, probably [14] because of the small λ value they used, for which differences with the pure case become manifest only on very large length scales. In [15] , results on C(r) for ddg are found to be compatible with the picture expected from the variational theory. Finally, evidence for the log 2 r contribution to C(r) in the glassy phase is obtained both in the case of ddg [17] and in that of rpsg for different λ values [18] , by using the lattice Gaussian propagator instead of its continuum limit ∼ log r to fit the data.
Analytical Results
In order to better understand the behavior of the model in the glassy phase we consider the probability distribution
where · · · means thermal average and average over different origins, (· · ·) means average over disorder and we only take r of the form (r, 0) or (0, r).
The second moment of P is the usual height-height correlation function C(r).
The quantities we measure are
and the Binder parameter related to P
which in the case of Gaussian behavior are zero in the thermodynamic limit. In [17] , the Binder parameter was studied for r = 1 finding evidence for a non-Gaussian behavior in the low-T region. We use some data on ddg collected in this previous work to extend the analysis on B(r) to larger r values and to obtain the behavior of D(r).
It must be emphasized that according to the variational approach the model should be Gaussian as in the high-T phase as in the glassy one. The definitely non-zero Binder parameter observed in [17] at low temperatures could be due to short-distances effects but in this case we expect B(r) and D(r) to be quickly decreasing functions of r.
In order to obtain the behavior of D(r) and B(r) within the renormalization group picture, we slightly extend some results of Bernard [11] on rpsg who found, at the infrared fixed point:
where K ∝ 1/T , the anomalous dimension γ being even in α with
and the non zero value of the beta function β g which gives the log 2 r contribution to C(r) being, at one-loop:
By expanding G in power of α, Bernard obtained
It should be noted that in a previous work [10] , in which a large N version of rpsg was studied, Bernard and Bauer found β * g to be order 1/N 3 . This is an extremely interesting result since it means that there is no log 2 r contribution to the renormalization group height-height correlation function in the N → ∞ limit in which the Gaussian Ansatz of the variational approach, corresponding to the leading order in some 1/N expansion, should be exact.
To get the four-points correlation function we expand G up to α 4 , labeling by d * the unknown coefficient of the α 4 contribution to γ * which we expect to depend from the temperature and that could eventually be zero. We obtain
that means D
RG
T <Tc (r, T ) = 48d * log r,
and
where we remark that D
T <Tc (r, T ) does not depend on β * g . For a non zero d * we therefore find D(r) to grow logarithmically with r. On the other hand, we get lim r→∞ B(r) = 0 but it seems reasonable to assume the decreasing behavior ∼ 1/ log 3 r of the Binder parameter according to the renormalization group picture being much slower then the one expected from the Gaussian variational approximation.
Numerical Results
Simulations were performed on the APE computer [19] , considering square lattices of linear size L = 64 and L = 128 with periodic boundary conditions. The surface tension was fixed to k = 2 and the quenched random variables {η i } were uniformly chosen in the range (− Deviations of B(r) from the Gaussian behavior become evident even for T ∼ < 0.85, a value that agrees well with the numerical estimates of T c for our model given in [18] . As it happens in references [17, 18] the observed critical temperature results higher then the theoretical T c = 2/π because of finite-size effects.
The Binder parameter is non-zero on larger length scales the lower is the temperature. For T ≤ 0.60 our data are completely incompatible with zero on the entire r range both in the case of L = 64 and in the one of L = 128, calling for the system being definitely below its critical temperature.
In [ Fig. 2 ] we plot B(r) as a function of r at T = 0.45 for L = 128, the initially rapid and then more slow decreasing behavior being very clear. We find our statistics inadequate to make more quantitative the analysis on the Binder parameter since according to (16) it should be a quite complicated function of r in the low-T phase. Nevertheless we stress that the data are qualitatively by far more compatible with the renormalization group picture in the case of non-zero d * then with the quickly decreasing behavior expected from the variational approximation, P being non-Gaussian in the glassy phase also for r ≫ 1.
We report in [ Fig. 3 ] data on D(r) as a function of r for L = 64 at the highest temperature considered (T = 1.0) and at the lowest one (T = 0.4), in order to outline the difference between the high-T region, in which D(r) is extremely small also at very short distances and becomes quickly compatible with zero, and the glassy phase where it is definitely non-zero and shows a quite evident increasing behavior.
When looking at [ Fig. 4 ], in which D(r) is plotted as a function of r at T = 0.45 for L = 128, the increasing behavior appears unambiguously, definitely calling for the non-Gaussian behavior of the model in the glassy phase being not a short-distances effect.
We limit our quantitative analysis to this last case, at a temperature well below the critical point. Following [17, 18] , we use in the fit the lattice Gaussian propagator
which enables to control finite size effects. We find that the data agree well with the expected behavior D = c 1 P (r) + c 2 . Unfortunately errors grow quickly with r and data for r ∼ < 40 give practically no contribution to the fit. In [Fig. 4 ] we report our best result by using 3 ≤ r ≤ 45 data points
where errors are evaluated by a jack-knife approach. We obtain a good χ 2 /DF ≃ 0.2, where DF means degrees of freedom. The agreement is very good with the renormalization group prediction (see equation (15)) and πc 1 /24 is our best numerical estimate for d * at T = 0.45.
We stress that compatible results are obtained both using all data points and disregarding the first ten ones.
Conclusions
Our main conclusion is that the discrete Gaussian model for surfaces with a disordered substrate in the low-T region is non-Gaussian on large length scales and D(r) is an increasing function of r.
The picture which emerges from our analysis is therefore incompatible with the Gaussian variational Ansatz, calling for the glassy phase being super-rough. Finally, our data give numerical evidence for d * being non-zero, the behavior of D(r) at low temperatures resulting in good agreement with the logarithmic growth expected from the renormalization group approach.
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